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Abstract. Mazur and Rubin prove the existence of Kolyvagin systems for a general class of 
mod p Galois representations p. Furthermore, they also prove (under certain hypotheses) that 
these Kolyvagin systems may be deformed to Kolyvagin systems for a deformation of p to a 
discrete valuation ring. The goal of this article is to achieve this for larger coefficient rings. 
More specifically, we carry this out for two types of deformations of Galois representations: 
the universal deformation when the deformation problem is unobstructed, and deformations to 
a two-dimensional Gorenstein ring. This generalizes the works of Howard on Heegner points 
and Ochiai on Kato's Euler system. We give explicit arithmetic applications of our result on 
the existence of 'big' Kolyvagin systems, such as the interpolation of Kato's Euler system in 
families (not necessarily p-ordinary) of modular Galois representations. 
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1. Introduction 

Since it was introduced by Kolyvagin PKol90ll , the Euler system machinery has been used by 
many to obtain important results in arithmetic. Kolyvagin used the Heegner point Euler system 
in [|Kol91al IKol91bn to bound the order and determine the structure of the Tate-Shafarevich 
groups of elliptic curves, making an important progress towards the Birch and Swinnerton- 
Dyer conjecture. Rubin generalized Kolyvagin's machinery to apply it in the realm of Iwasawa 
theory. He used in [.Rub91l the elliptic unit Euler system to prove the main conjectures of Iwa- 
sawa theory for CM elliptic curves, and in [|Lan901 to give an elementary proof of the classical 
main conjectures (originally proved by Mazur and Wiles flMW84ll ') using the cyclotomic unit 
Euler system. Later Kato [|Kat04ll constructed an Euler system for elliptic modular forms using 
the Beilinson elements in the K2 of modular curves, and deduced one of the divisibilities of 
the main conjectures of Iwasawa theory in this setting. 

Iwasawa theory of Z^-extensions may be seen as a particular instance of Mazur's general 
theory of Galois deformations. Greenberg [|Gre941 takes this perspective to generalize Iwa- 
sawa's theory to a more general study of deformations of motives. Before we relate the content 
of this article to Greenberg's theory, we provide a quick overview of Mazur's theory of Galois 
deformations; see nMaz89[|dSL97l |Gbu01 1 for details. 

Fix forever an odd prime p. Let $ be a finite extension of Qp and O be the ring of integers of 
$. Let G7 G C be a uniformizer, and let k = C/ca be its residue field. Consider the following 
category C: 

• An object of C is a commutative, complete, local, Noetherian (9-algebra A whose 
residue field = A/m^ is isomorphic to k, where niyi denotes the maximal ideal of 
A. 

• A morphism / : A — )• in C is a local C-algebra morphism. 

Let S be a finite set of places of Q that contains p and 00. Let Gq^y, denote the Galois 
group of the maximal extension Qs of Q unramified outside S. Fix an absolutely irreducible, 
continuous Galois representation 

p ■■ Gq^s — > GL„(k), 

and let T be the representation space (so that T is an n-dimensional k-vector space on which 
Gq 2 acts continuously). 

Let Fp : C — > Sets be the functor defined as follows. For every object A of C, Fp(A) is 
the set of continuous homomorphisms 

Pa ■■ Gq^s — > GLn{A) 

that satisfy pa ®a k = p, taken modulo conjugation by the elements of GL„(A). For every 
morhism f : A ^ B in C, Fp{f){pA) is the GL„(_B)-conjugacy class of pa ®a B. 

Theorem (Mazur). The functor Fp is representable. 

In other words, there is a ring R{p) E Ob(C) and a continuous representation 

P-.Gq-^ GL„,{R{p)) 

such that for every A G Ob(C) and any continuous representation pA ■ Gq^s — )■ GhniA), there 
is a unique morphism /a ■ -R(p) A such that 

P ®R{p) A = PA- 

The ring R{p) is called the universal deformation ring and p the universal deformation of p. 
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Let Ad(p) be the adjoint representation. Consider the following hypothesis: 
(H.nOb) H^iGQ,^,Adip))=0. 

We say that the deformation problem for p is unobstructed if (H.nOb) holds true. In this 
case Mazur shows that 

R{p)^0[[X^,■■■ ,X4] 
where d = dim^ {H^{Gq^^, Ad{p)). 

Example 1.1. Suppose -E/Q is an elliptic curve. Let S be the set of primes that consists of 
primes at which E has bad reduction, p and oo. Let T = E[p], the p- torsion of E and 

Pe ■ Gq,s — > GL2(Fp) 

the associated Galois representation. Flach [|Fla921 shows that the deformation problem for p 
is unobstructed and R{p) = Zp[[Xi, X2, X3]] if the following holds: 

• pE is surjective, 

• i/°(Q£, f ® f ) = for all £ G S, 

• p does not divide Vl^^ L{Sym'^ (E) , 2), where = ^l^Syrn^ (E) , 2) is the transcendental 
period. 

Example 1.2. Let / be an elliptic newform of level A^, weight k > 2 and character ^. Let K 
be the number field generated by the Fourier coefficients of / and Ok be its ring of integers. 
For a prime pof K above p, let k = Ok / p and O = W{k.), the Witt vectors of k. Let 

P = Pf,P ■ <^Q,s — > GL2(k) 
be the Galois representation attached to / by Deligne. Then Weston nWes04ll shows for almost 
all choices of a prime p of K, the deformation problem for p is unobstructed and R{p) = 
0[[X,,X,,Xs]]. 

One may also study a subclass of deformations of a given p, rather than the full deformation 
space R{p). The following paragraph illustrates a particular case which has been much studied 
by many authors. Suppose 

P ■ Gq^y: — > GL2(k) 

is p-ordinary and a ^-distinguished, in the sense that the restriction of p to a decomposition 
group at p is reducible and non-scalar. Assume further that p is odd, i.e., det(p)(c) = — 1 
where c is any complex conjugation. Then Serre's conjecture [|Ser87ll (as proved in [1KW091 
IKis09an ) implies that p arises from an ordinary newform / as in Example 1 1.2[ Hida associates 
in [|Hid86b[ IHid86all such / a family of ordinary modular forms and a Galois representation 
T attached to the family, with coefficients in the universal ordinary Hecke algebra S). Thanks 
to the "i? = T" theorems proved in [|Wil951 ITW95I (and their refinements) it follows that 

is the universal ordinary deformation ring of p parametrizing all ordinary deformations of 
p. Ochiai HOchOSH (resp., Howard HHowOVID has studied the Iwasawa theory of this family of 
Galois representations by interpolating Kato's Euler system (resp., Heegner points) for each 
member of the family to a 'big' Euler system for the whole family. 

The main goal of the current article is to generalize the work of Ochiai HOchOSH and Howard 
HHowOVH to more general Galois representations and more general class of deformation rings. 

The general Euler system machinery takes an Euler system (which is a collection of coho- 
mology classes that satisfies certain norm-compatibility conditions) as an input and produces 
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what Kolyvagin calls the derivative classes. In IIMR04L Mazur and Rubin slightly modify the 
derivative classes so as to obtain what they call Kolyvagin systems. Using Kolyvagin systems 
one obtains the bounds on Selmer groups that we seek for As powerful the Euler system ma- 
chinery is, as difficult it is to construct an Euler system for a general Galois representation, 
although some folklore conjectures (such as the Bloch-Kato conjectures, c.f., [ BK90. FPR94I1 ) 
hint at the existence of Euler systems in great generality. On the other hand, Mazur and Ru- 
bin prove in [IMR041 Theorem 5.1.1] that Kolyvagin systems do exist for a very general class 
of mod p Galois representations. Furthermore, they prove a similar result for deformations of 



these Galois representations to discrete valuation rings. Later in [Biiy lib |, the author extended 
their result by proving that these Kolyvagin systems in fact may be deformed to the cyclotomic 
Iwasawa algebra A = Zp[[r]], where F is the Galois group of the cyclotomic Zp-extension 

Qoo/Q. 

In this paper we will study the deformation problem for Kolyvagin systems to one of the 
following choices of rings: 

(i) = 7^[[r]], where 7^ is a dimension-2 Gorenstein O-algebra with a regular sequence 
{w, X} such that IZ/X is a finitely generated torsion-free (9-module. 

(ii) R = 0[[Xi,X2, X3]] (which we will think of as an unobstructed universal deformation 
ring of a two dimensional mod w Galois representation p in examples.) 

See Theorem A below for our main result in this direction. 

Before we describe our results we fix some notation. Let m (resp., Ai) be the maximal 
ideal of 9^ (resp., of R) and k = (resp., k = R/M.) be the residue field. When the 
coefficient ring we are interested in is the ring 9i as in (i) above, we let T be a free 7^-module 
of finite rank which is endowed with a continuous (jQ-action, unramified outside a finite set 
of primes. Set T = T SJzp A, where we allow Gq act on both factors. When the coefficient 
ring we are interested in is R as in (ii), we let T be a free i?- module of finite rank endowed 
with a continuous G^-action unramified outside a finite number of primes. In either case, we 
let f = T/m (resp., f = T / M) and define x(^) = dim^T- (resp., x(T)), where f- is the 
(— l)-eigensubspace of T under the action of a fixed complex conjugation. 

The following hypotheses will play a role in what follows: 

(HI) T is an absolutely irreducible GQ-module. 

(H2) There is a r G Gq such that r acts trivially on fXpoo and the i?-module T/(r — 1)T 
(resp., the 9^-module T/ (r — 1)T) is free of rank one. 

(H3) H°{Q,f) = H^{Q,f*) = 0, wheref* = Hom(f ,/ip). 
(H4) Either 

(i) HomF,[[Go]](T,f*) = 0,or 

(ii) p> 4. 

(H.Tam) For all bad primes i, 

(i) H%Qe,T)=0. 

(ii) A) is p-divisible. 

(H.11A) iJO(Qp,f*) =0. 

Remark 1.3. The hypotheses (H1)-(H4) are also present in [IMR04I I. (H.Tam) is used to 
check that the unramified local conditions are cartesian (in a sense made precise below), most 
importantly in the proof that the map (3 that appears in Lemma 14.61 is injective. Although 
one may possibly verify this fact under less restrictive hypothesis, the assumption (H.Tam) is 
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simple to state, easy to check and thus allows one to produce many interesting examples where 
Theorem A applies; c.f., Proposition 15 .ll below. 

Remark 1.4. When T is the self-dual Galois representation attached to a (twisted) Hida fam- 
ily with coefficients in the universal ordinary Hecke algebra TZ (as studied in [HowOTJ), the 
hypothesis (H.Tain)(ii) asks that there is a single member / of the twisted Hida family such 
that the Tamagawa number (as defined by [Fontaine-PR]) is prime to p. As explained 



in [Biiylla, §3], this in turn implies that the Tamagawa number ce{g) is prime to p for every 
member g of the twisted family. 

See ^5. II for a discussion of the content of the hypotheses (H.Tam) and (H.nA) when T is 
the mod p Galois representation attached to an elliptic curve 



For T (resp., T) as above, let KS(T, Jean, "P) (resp., KS(T, Jean, P)) be the i?-module 
(resp., the 9^-module) of big Kolyvagin systems for T (resp., for T) and the canonical Selmer 
structure; see ^and §3.2l for precise definitions of these objects. 

Theorem A (See Theorem 13.121 below) . Suppose x(T) = xC^) = 1- Under the hypotheses 
fHl-H4), (H.Tam) and (H.nA), 



(i) the R-module KS(T, J-'ean, V) is free of rank one, generated by a Kolyvagin system k 
whose image R G KS(T, J-'can, 'P) is non-zero, 



(ii) the ^-module KS(T, J-'can, "P) is free of rank one. When the ring TZ is regular, the 
module KS(T, J-'can, "P) is generated by n whose image k, G KS(T', Jean, ^) is non- 
zero. 

In Theorem A, T (resp., T) should be thought of as a family of Galois representations and 
the conclusion of Theorem A as an assertion that the Kolyvagin systems for each individual 
member of the family T (resp., T) interpolate to give rise to a 'big' Kolyvagin system. 

We remark that the arguments used in the proof of Theorem A generalize without any effort 
to handle a general regular ring (not necessarily of relative dimension 3 over O, as R above 
is). However, any significant arithmetic application of our general theorem is restricted to the 
case when the big Kolyvagin system for T (resp., for T) that is proved to exist in Theorem 
A interpolates Kolyvagin systems which are explicitly related to L-values. At the moment 
this is only possible when the residual representation T is two dimensional and x(T) = 1, 
in which case the unobstructed universal deformation ring is R. Note that when T is two 
dimensional and x(T) = 1, we know that T is modular and the recent advances in modularity 
lifting theorems and progress towards the Fontaine-Mazur conjecture (due to Emerton [lEmelll 
and Kisin lKis09bll ) show that the big Kolyvagin system for the universal deformation T of 
T indeed interpolates Kato's Kolyvagin systems for elliptic modular forms whose associated 
Galois representations are congruent to T. 

To be more precise on the last point we made, let E/q be an elliptic curve, T = E[p] be the 
p-torsion subgroup of E{Q) and p = pE the mod p Galois representation on T. Define also 
R = R{p) to be the universal deformation ring of p. Suppose that E satisfies (H.nOb) so that 
R = Zp[[Ti, T2, T3]]. The universal deformation representation T is a free i?-module of rank 
two. Until the end of this introduction, T will stand for this particular Galois representation; 
see the main body of the text for the most general form of the results we record in this section. 
Suppose also that T satisfies the hypotheses (H1)-(H4) as well as (H.Tam)(i) and (H.nA); see 
^S.ll for the content of these assumptions in this particular setting. 
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Let f = Y1 '^riQ'" be a newform of weight u >2 and let O/ be the finite flat normal extenion 
of Zp which the a„'s generate. Let 

be the Galois representation attached to E by Deligne and Tj be the free Cj-module of rank 
two on which Gq acts via pj. Suppose that pf = p, so that by the universality of R there is a 
ring homomorphism Lpf : R ^ Of which induces an isomorphism T g)^^ Of = Tj and a map 

KS(T, J-can, ^) ^ KS(T/, J-ean, P). 

For each / as above, Kato in IIKat04n constructed a Kolyvagin system k^^'"'*^-^^ G KS(T/, J^can, V) 
using Beilinson's elements. As a consequence of Thearem A above, we prove that a genera- 
tor K of the i?-module KS(T, -Fcan, "P) interpolates K,^^^°'(f) as / varies, generalizing the results 
of nOch05[|How07ll where similar results were obtained for the universal ordinary deformation. 

Theorem B (Theorem 

(i) /cKato,(/) ^ . ^^i^K.) for some A/ G O/. 

(ii) Assume further that P\gq^ reducible and non-scalar Then the leading term ni ofK is 
non-zero. 

The following result is the standard application of the Kolyvagin system machinery, proved 
essentially in [Och05J. Let J'*^^ be the dual Selmer structure on T*, see Definition 12.41 for a 
definition of the dual Selmer structure. For any abelian group N, let iV^ denote the Pontryagin 
dual. If M is a finitely generated torsion i?-module, set 

char(M) = JJpi™gth(Mp) 
p 

where the product is over height one primes of R. 

Theorem C. The cofinitely generated R-module H]r, (Q, T*) is cotorsion and 

char (//^,„(Q, T*Y) I char [H^^Q, T)/R ■ k,) , 

where ki is the leading term of a generator k of the R-module KS(T, J-'can, V) of big Kolyvagin 
systems. 

This statement is closely related to Greenberg's main conjectures nGre941 for deformations 
of motives. To explain, we give the following definition and propose the conjecture that follows 
in order to define the "correct Selmer structure" J-bk on T as above: 

Definition 1.5. Let D be a finite, flat, normal extension of Zp. A pseudo-geometric specializa- 
tion is a ring homomorphism ip : R ^ O such that the Gq^ -representation is T ®^ Frac(D) is 
de Rham. 

Conjecture D. There is an R-submodule (the Bloch-Kato submodule) 
with the following properties: 
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(i) (Interpolation) Let ip : R D be a pseudo-geometric specialization into a finite, flat, 
normal extension D ofLp and T = T 0,V = T® Qp. The Bloch-Kato submodule 
Hjr^^{Qp, T) maps into the Bloch-Kato subgroup 

H't.Mp^T) :=ker {H\Qp,T) ^ H\Qp,V ® B,^,)) 

withflnite cokernel, 

(ii) (Panciskin condition) H]r^^(Qp, T) is a free R-module of rank 1. 

(iii) ^>bk(Q>T) := ker JQ, T) jl^^) = 0- 
See UPotim for progress related to this conjecture. 

Set loc; : H\Q, T) ^ H'^{Qp, T) := H\Qp.T)/H'^^^{Qp, T). Using the property (iii) in 
Conjecture D, we conclude that: 



Corollary E (Corollary |5j5]). char (^^>.^(Q, T*)^ j | char {Hl{Qp, T)/R ■ loc;(fi:i)) . 

We call the ideal C{k) := char (i7j(Qp, T)/R- loCp(fi;i)) the Kolyvagin-constructed p-adic 
L-function. This should be thought of as a generalization of Perrin-Riou's I1PR95II module of 
algebraic p-adic L-function, whose definition she gives for the cyclotomic deformation of a 
motive. This choice of terminology is justified thanks to the following interpolation property: 

Theorem F (Proposition l5.17[ Theorem l5.18l) . Suppose that the R-module ifj(Qp, T) is torsion- 
free. Suppose also that the elliptic curve E has good ordinary reduction at p. 

(i) CiK) 7^ 0. 

(ii) Assume further that the R-module ifj(Qp, T) is free. Then for every elliptic modular 
form f as in Theorem B, 

. ^1 Hl{Qp,Tf) 



(1.1) [Oj : ^j{C{k))] = X^' ■ 



Of -loc; («:^ 



Kato,(/)' 



Kato has related the values # I — — ^ I which appear in the statement of 

Theorem F to the value of the L-function attached to / at the central critical point. The state- 
ment of Theorem 15 . 1 8 1 therefore suggests that these values should interpolate, as the classes 
Xj^ K^^^"'^'^^ do interpolate to ki. This hints at the existence of a very general p-adic L-function. 
Furthermore, we note that the points : T — )• (9j are Zariski dense in Spec(T) under mild hy- 
potheses, thanks to the recent results of Emerton and Kisin eluded to above. Thus the assertion 
(11.11) should characterize the ideal C{k) of the Kolyvagin constructed p-adic L-function. 

The paper is organized as follows. After setting our notation, we define in [J2]what a Selmer 
structure is. In ^21 we state our main technical result (Theorem I3.12t and prove it modulo the 
existence of core vertices. The existence of core vertices then is proved in ^|4l Finally in ^|51 
we discuss several applications of our result. Bounds on Selmer groups in terms of the big 



Kolyvagin system we prove to exist is obtained in ^5.31 and §5]4J More concrete applications 
towards the interpolation of Kato's Kolyvagin systems for elliptic modular forms is discussed 
in g531g5jand g5A2l 
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1.1. Notations. For any field K, fix a separable closure K of K and set Gk = Ga\(K / K). 
Let F be a number field and A be a non-archimedean place of F. Fix a decomposition subgroup 
Gx < Gp and let Ix < Gx denote the inertia subgroup. Often we will identify Gx hy Gp^- For 
a finite set S of places of K, define K^: to be the maximal extension of K unramified outside 
S. 

Let p be an odd prime and let Qoo/Q be the cyclotomic Zp-extension. Let fipn denote the p"'- 
th roots of unity and set /ipoo = \u^fj,pn. Set T = Gal(Qoo/Q) and fix a topological generator 
7 of r. Let A = Zip[[r]] be the cyclotomic Iwasawa algebra. 

For a ring S, an ^-module M and an ideal / of S, let M[I] denote the submodule of M 
consisting of elements that are killed by /. 

For the ring R = 0[[Xu X2, X^]], we set := R/{XIX^,X^) and Rr,u,v,n, := 

R/ (ro'", X]^, X^). We define the quotient modules Tu,v,w '■= T ®r Ru,v,w and Tr,u,v,w '■= 

T ®R Rr,u,v,w 

Similarly for the ring 9^ = 7^[[^]] as above, define the rings = (7 - 1)'') and 

y^r,u,v = 9^/(07'", X", (7 — 1)"). Define also the quotient modules %u,v ■= ^ ®ih ^u,v and 

Finally, we define the p-divisible goups Au,v,w '■= ^u,v,iv ®^/0 and 2t„^^ := %u,v ® ^/O. 
Let TZq = TZ/ (ro, X) be the dimension-zero Gorenstein artinian ring, where TZ is as above. 
As explained in [|Til97[ Proposition 1.4], 

(1.2) '7^o[nl7^] is a one-dimensional k = 7?./m7^-vector space 

where 017^ denotes the maximal ideal of IZ. Define also IZi =1Z/ X. Using the fact {w, X} is a 
regular sequence in TZ, we see that IZi is a dimension- 1 Gorenstein domain. Set $ = Frac(7^i). 
As 72.1 is finitely generated and free as an C-module, it follows that $ is a finite extension of 
$. Let D be the integral closure of 7?.i in $. Then D is a discrete valuation ring and D/TZi 
has finite cardinality. Let mo be the maximal ideal of D and no be a uniformizer of D. Define 
To ■= (g)7^, O {deformation of f to O) and A = To ® Qp/Zp. As D/7^i is of finite order, 
it follows that A = 2ti,i. 



2. Local Conditions and Selmer groups 
We recall a definition from nMR04[ §2]. Let M be any C[[GQ]]-module. 

Definition 2.1. A Selmer structure T on M is a collection of the following data: 

• A finite set S(-7-') of places of Q, including 00, p, and all primes where M is ramified. 

• For every i E S(J^), a local condition on M (which we now view as a CffG^JJ-module), 
i.e., a choice of an C-submodule H],{Qi, M) c iJ^(Q^, M). 



Definition 2.2. For a Selmer structure F on M, define the Selmer group H]r{Q, M) to be 
/f>(Q,M)=UerU'(Q.w/Q.M)^ H 



Definition 2.3. A Selmer triple is a triple (M, J^, V) where J-" is a Selmer structure on M and 
P is a set of rational primes, disjoint from S(J^). 
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Definition 2.4. Let be a Selmer structure on M. For each prime £ E S(J^), define 
H^,{Qi,M*) := H}r{Qi,M)-^ as tlie ortliogonal complement of H}r{Qi,M) under tlie lo- 
cal Tate pairing. The Selmer structure J-'* on M* defined in this manner is called the dual 
Selmer structure. 

Define the Selmer structure Jean (the canonical Selmer structure) on Tu.v,w as follows: 

• S(J^can) = {i : T is ramified at £} U {p, oo}. 

Here 

We denote the Selmer structure on the quotients Tr^u,v,w obtained by propagating J^can on 
'^u,v,w to Tr^u,v,w also by J-'can- Scc [,MR04. Example 1.1.2] for a definition of the propagation 
of local conditions. 

Similarly, define the Selmer structure J^can on %u,v by setting 

• S(Jcan) = : T is ramified at £} U {p, oo}. 

where 

H]{Q,,%^^,) = ker {H\Q,,%^^,) H\le,%u,v ®o $)} • 

Similarly, the Selmer structure on the quotients 'Xr,u,v obtained by propagating J^can on T„ t, to 
%r,u,v is also denoted by J-'can- We also define a Selmer structure J^can on T/m by 

• setting i7>^^_XQp,1/m) = H\Qp,%/m) and 

• propagating the local conditions at £ p given by J^^an on Ti^i to T/m. 

Note in particular that the Selmer structure J-'can on T/m will not always be the propagation of 
the canonical Selmer structure 

2.1. Local conditions at £ ^ p. In this section we compare various alterations of the local 
conditions at £ ^ p. Define 

HlXQi, M) := ker {H\Qe, M) — > H\h, M)) 
for any M on which acts. Using the exact sequence 

define also 
Define finally 

where the map is induced from the injection Tr^u,v,w ^u,v,w Lemma 1.3.8(i) of URubOOl 
shows that 

(2.1) H]r^^^^{Qi,Tr^u,v,w) = Hj{Qi,Tr^u,v,w)- 
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Similarly one defines Hj{Q£, ^u,v) and Hj{Q£, Tr,«,„), and verifies using nRubOOi Lemma 
1.3.8(i)] that 

(2.2) H}r^^{Qi,1r^u,v) = Hj{Qi,1r^u,v)■ 
2.2. Local conditions at p. 

Proposition 2.5. Assuming (H.nA), 

(ii) Hjr^^^{Qp,%r,u,v) = H^{Qp,%r,u,v)- 

Proof. We need to check that 

coker (i/i(Qp,T,,,,^) i^^(Qp, T,,„,„,^)) = 0. 

Note that 

coker(i/i(Qp,T,,,,^) ^ H\Qp,Tr„)) = H\Qp,T^,,,^)[w'], 

so it suffices to check that if^(Qp, Tu,v,w) = 0. 

Now by local duality, (H.nA) implies that H'^{Qp, T) = 0. Using the fact that the cohomo- 
logical dimension of Gp is two, it follows that 

H\Qp,T)/M-H^{Qp,T) = 0, 

where A4 = (zu, Xi, X2, X3) is the maximal ideal of the ring R. By Nakayama's Lemma, we 
therefore see that H'^{Qp, T) = 0. Using again the fact that the cohomological dimension of 
Gp is two, we conclude that 

= if2(Qp,T) ^if2(Qp,T„) 

and the proof of (i) follows. 

The proof of (ii) is similar but more delicate as the ring 9i is not necessarily regular. As 
above, we first check that 

(2.3) H\Qp,%) = 0. 
Considering the Gp-cohomology induced from the exact sequence 

— ^T^T— ^r^o 

and using Nakayama's lemma, (|2.3I) is reduced to verifying that i?^(Qp, T) = 0. Similarly, 
using the exact sequences 

— >T^T — > r/x — > 

T/X ^ r/x — > Ti,i — > 
in turn, we reduce to checking that 

(2.4) H\Qp,%^^^^,)=0 

The assertion (12.41 ) is proved below. We first show that (ii) follows from (12.41) . 
As above, 

coker(iJ^(Qp,T„,,) ^ H\Qp,%r,u,v)) = //'(Qp, T„,,)K]. 
By (12.41) and the fact that the cohomological dimension of Gp is two, it follows that 

= H\Qp,1)^H\Qp,%^^,). 
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This proves that H'^(Qp, 'Xu,v) = and it follows that 

as desired. □ 
Claim. Assuming (H.nA), we have i7^(Qp, li^ij) = 0. 

Proof. The property dO]! shows that 1i,i,i[m] = f , hence that ^ ^/m = f*. Since we 
assumed H.nA, it thus follows that 

The module 11 n is free of of finite rank over the Gorenstein artinian ring TZq, hence by 
[IMR041 Lemma 2.1.4] we conclude that iI°(Qp, '^l^i) = as well. Claim now follows by 
local duality. □ 

2.3. Kolyvagin primes and transverse conditions. Let r G Gq be as in the statement of the 
hypothesis (H.2). 

Definition 2.6. For n = (r, u, v, w) E (Z>o)^, define 

(i) = ker {Gq Aut(X,,„,„,^) © Aut(/ipr)), 

(ii) Ls = 

(iii) Vn = {primes i : Fr^ is conjugate to r in Gal(Ln/Q)}. 

The collection Vn is called the collection of Kolyvagin primes for Tr,u,v,w Set V = 7^(1,1,1,1) 
and define A/r to be the set of square free products of primes in Vn- 

We similarly define for s = {r,u,v) the soUection of Kolyvagin primes for 'Xr,u,v and the 
set A/'s of square free products of primes in Vg. 

Definition 2.7. The partial order -< on the collection of quadruples (r,u,v,w) E (Z>o)'^ is 
defined by setting 

n = (r, u, V, w) -< (r', u, v', w') = n' 
if r < r',u < u', v < v' and w < w'. 

We denote the partial order defined on triples of positive integers in an identical manner also 
by -<. 

To ease notation, set := Tr^u,v,w and := Rr,u,v,w for ti = (r, u, v, w). Define similarly 

'^n • 1r,u,v and . ^^r,u,f 

Remark 2.8. Suppose £ is a Kolyvagin prime in Vn (resp., in Vg), where n (resp., s) are as 
above. Then as r acts trivially on Upr and Fr^ is conjugate to r in Gal(Lf^/Q), it follows that 
Fr£ acts trivially on fj,pr and hence that i = 1 mod p*". In particular 

lipxi . TT _/'/)_ 1 NTT _ n 

(resp., |F^^| ■ %r,u,v = 0). 

Throughout this section, fix a Kolyvagin prime i E Vn (or in Vs, whenever we talk about 
quotients of T). 

Definition 2.9. Let T be one of Tr^u,v,w, '1r,u,v or %/m. 
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(i) The submodule of H^{Qi, T) given by 

H^Mi^T) = ker {H\Q,,T) H\Qeifie) , T)) 

is called the transverse submodule. 

(ii) The singular quotient Hl(Qi, T) is defined by the exactness of the sequence 

(2.5) H}{Qe,T) ^ H\Qe,T) Hl{Qe,T) ^ 

Definition 2.10. Let T be one of Tr^u,v,w, '^r,u.v or T/m and suppose n G 7\4 (or n E M^if we 
are talking about quotients of T). The modified Selmer structure J-'canin) on T is defined with 
the following data: 

• S(J'can(?^)) = S(J'can) U {primcs i : i \ u} . 
. If £tnthenif>^^^(„)(Q,,T) = i/^^JQ.,T). 

. If £ I ntheniJ>^^^(„)(Q,,T) = i/,i(Q^,3-)- 

Remark 2.11. Proposition 1.3.2 of [IMR04II shows that TcU^)* = J^Li^)- 

Lemma 2.12. Let T be one of the rings Tr^u,v,w, ^r,u,v or T/m. Then the transverse subgroup 

H^^{Qe, T) C H^{Qe, T) projects isomorphically onto Hl{Qe, T). In other words { \2.5^ above 
has a functorial splitting. 

Proof. This is nMR04l Lemma 1.2.4] which is proved for a general artinian coefficient ring. 

□ 

Proposition 2.13. Let n = (r, m, t>, w) ands = (r, u, v) be as above. 

(i) There are canonical functorial isomorphisms 

ifj(Qf,Tfl) = Ts/(Fr,-l)Tfi, 

(ii) There is a canonical isomorphism (called the finite-singular comparison isomorphism) 

(iii) The Rn modules Hj{Qi, ¥„), H^Qi, ¥„) and H^^{Qi, ¥„) are free of rank one. 

The analogous statements hold true when is replaced by Tg or Tij m {and the ring by *Ks 
ork = m/m). 

Proof, (i) is nMR04l Lemma 1.2.1]. The finite- singular comparison isomorphism is defined 
in [IMR041 Definition 1.2.2] and (ii) is IIMR04L Lemma 1.2.3]. (iii) follows from (i), (ii) and 
Lemma [2.121 

Note that all the results quoted from [1MR041 apply in our setting thanks to Remark IZ8l □ 

3. Core vertices and deforming Kolyvagin systems 

Let n = {r,u,v,w) G (Z>o)'^ ands = {r,u,v) G (Z>o)^. Assume throughout this section 
thatx(T)=x(2:) = L 
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3.1. Core vertices. Suppose T is one of Tr^u,v,w, ^r,u,v or T/m and S is the corresponding 
quotient ring Rr,u,v,w, ^r,u,v or k. 

Definition 3.1. The integer n & Mn (resp., n e Ms) is called a core vertex for the Selmer 
structure Fcan on T if 

(ii) if^^^^^^^(Q, T) is a free ^-module of rank one. 

Suppose that the hypotheses (H1)-(H4), (H.Tam), and (H.nA) hold true. The following 
theorem is fundamental in proving the existence of Kolyvagin systems. 

Theorem 3.2. Let n G A/^ {resp., n G N^) be a core vertex for the Selmer structure J-'can on the 
residual representation T. Then n is a core vertex for the Selmer structure Fcsn on T as well. 

Theorem 13. 2l is proved in §4.2[ We first show how Theorem 13. 2 l is used to prove the existence 
of Kolyvagin systems for the big Galois representations T (resp., for T). 

3.2. Kolyvagin systems for the big Galois representation. 

3.2.1. Kolyvagin systems over Artinian rings. Throughout this section fix n = (r, u, f , w) and 
i G {1>>oY (resp., s = (r, u, v) and j G (Z>o)^) such that n -< i (resp., 5 -< ]). 

Throughout this subsection, let T be one of T^, or T/m, and let S be the corresponding 
quotient ring R^, or k. Let V denote the collection of Kolyvagin primes V\ (resp., 7^) and 
M denote the set of square free products of primes in V. 

Much of the definitions and arguments in this section follow [IMR04II and |[BUyTTb). 



Definition 3.3. 

(i) If X is a graph and Mod^ is the category of i?- modules, a simplicial sheaf 5 on X 
with values in Modj:? is a rule assigning 

• an _R-module S{v) for every vertex v of X, 

• an i?-module S{e) for every edge e of X, 

• an i?-module homomorphism : S{v) — )■ S{e) whenever the vertex v is an 
endpoint of the edge e. 

(ii) A global section of 5 is a collection {k^ E S{v) : t> is a vertex of X} such that, for 
every edge e = {f of X, we have i'UKy) = iI)1,{kv') in S{e). We write V{S) for 
the i?-module of global sections of S. 



Definition 3.4. For the Selmer triple (T, J-'can, V), we define a graph X = X{V) by taking the 
set of vertices of X to be M, and the edges to be {n, n^} whenever n,n£ E M (with i prime). 

(i) The Selmer sheaf V. is the simplicial sheaf on X given as follows. Set Gn ■= ^e\n ^£ ■ 
We take 

• nin) := i^>^^„(„)(Q, T) ® Gn for neAf, 

• if e is the edge {n, ni} then n{e) := HjiQe, T) ® Gne- 
We define the vertex-to-edge maps to be 

• <^ : H^^^^^^^^iQ, T) ® Gne ^ Hl{Qi, T) ® Gni is localization followed by the 
projection to the singular cohomology H^Qi, T). 

• : if^^.^__(„)(Q, T) (g) Gn Hl{Qe, T) ® Gne is the composition of localization 

at i with the finite-singular comparison map 
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(ii) A Kolyvagin system for the triple (T, Jean, V) is simply a global section of the Selmer 
sheaf v.. 

We write KS(T, J-'can, := r('H) for the ^-module of Kolyvagin systems for the Selmer 
structure J^^an on T. More explicitly, an element k E KS(T, J-'can, V) is a collection of 
cohomology classes indexed hy n E M such that for every n,ni E M we have: 



Here, loc^ stands for the composite 

H\Q,T) ^ H\Qe,T) ^ i/](Q,,T). 

The goal of this section is to prove the following theorem, assuming (H1)-(H4), (H.Tam) and 
(H.nA). 

Theorem 3.5. The S-module KS(T, J-'can, V) is free of rank one. 



Theorem 1331 is proved in two steps. As the first step, we prove: 

Theorem 3.6. Suppose n E M is any core vertex for the Selmer structure J^^an on T. Then the 
natural map 

KS(T, J-,an, V) i/L(„,)(Q, T) ® Gn 

{given by K ^ Kn) is surjective. 



The arguments of [BUyllb[ Theorem 3.11] (which in turn modifies the arguments of Howard 



in PMR04I1 appropriately so as to apply them with general artinian rings) may be used to prove 



Theorem 13. 6 1 The main point is that we have Theorem I3.2l here in place of [Biiyllb Theorem 
2.27]. 

Define a subgraph X'^ = X^{V) of X whose vertices are the core vertices of X and whose 
edges are defined as follows: We join n and ni by an edge in if and only if the localization 
map 

is non-zero. We define the sheaf 7/° on as the restriction of the Selmer sheaf T-L to X^. 
Lemma 3.7. The graph X^ is connected. 

Proof. The edges of X^ are defined in terms of T (and not T itself) so IIMR041 Theorem 4.3. 12] 
applies. □ 

The following Theorem, combined with Theorem |33] completes the proof of Theorem 13. 5 1 

Theorem 3.8. Suppose n E N is any core vertex for the Selmer structure J-'can on T. Then the 
natural map 

KS(T, J-,a„, V) i^L(„,)(Q, T) ® 

is is injective. 



Theorem 13.51 is proved using the arguments that goes into the proof of [Biiyllb Theorem 
3.12]. The essential input is the fact that the graph X^ is connected (Lemma [3771) . 
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3.2.2. Kolyvagin systems over 'big' rings. The goal of this section is to prove (Theorem 13.121 
below) using the results of the previous section that the _R-module 



KS(T, := 1^ ( lii^KS(Ts, J-ca„,n) 

(resp., the £H- module 



KS(T, J-can,P) := 1^ ( lir^KS(T,, J-can,Pj; 

is free of rank one. 

Lemma 3.9. Fix a quadruple n as above. For any \)~ n, the natural restriction map 
is an isomorphism. 

Proof. Theorems 13.61 and 13.81 applied with a core vertex n E N\, we have isomorphisms 

KS(T„, J-,a„,Pn) ^ if>^^(„)(Q,Ts) ^ KS(Ts, J-,a„,Pr) 
compatible with the restriction map 

KS(Ts, J-ca„,Pn) KS(Ts, J-ca„,n)- 

Note that n G A/j as above exists by nMR04l Corollary 4.1.9] and Theorem 13 . 2 1 above . □ 
Lemma 3.10. Let n' -< li and let n G As be a core vertex. The map 

is surjective. 

Proof. We verify the assertion of the Lemma for n' = (r, u, v, w) and n = (r + l,u,v,w). The 
proof of the general case follows by applying this argument (or where necessary, its slightly 
modified form) repeatedly. 

We have the following commutative diagram, where the vertical isomorphism is obtained 
from (a slight variation of) Propo sition 14 . 1 7 f i v) below: 



Since n E J\fn is a core vertex (and therefore H^^^^^,^-^(Q, ¥„) is a free i?n-module of rank one), 
the map on the diagonal is surjective. This proves that the horizontal map is surjective as 
well. □ 

Lemma 3.11. The map 

KS(Ts, J-ca„,Ps) ^ KS(T,v, J-ca„,Pn) 

is surjective for n' -< n. 
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Proof. By Theorem I3.6[ Theorem 13.81 and Lemma 13.91 applied with a core vertex n E A/s to 
both Tn and we obtain the following commutative diagram with vertical isomorphisms: 

KS(Ts, J-can, Pn) KS(Ts' , J^can, Pn) 

where the surjection in the second row is Lemma 13.101 It follows at once that the upper hori- 
zontal map in the diagram is surjective as well. □ 

Theorem 3.12. Under the running hypotheses the following hold. 

(i) The R-module KS(T, J-'can, V) is free of rank one, generated by a Kolyvagin system k 
whose image k G KS(T, J-'can, 'P) is non-zero. 

(ii) The ''R-module KS(1, J-'can, "P) is free of rank one. When the ring TZ is regular, the 
module KS(T, J-'can, 'P) is generated by k whose image R, G KS(T, J-'can, P) is non- 
zero. 

Proof. Lemma [3]9] shows that 

li^KS(Ts, J-ca„,Pr) = KS(Ts, J-can,^n). 

i 

The proof of (i) now follows by Theorem 13.51 and Lemma 13.1 II (ii) is proved similarly, by 
appropriately modifying the ingredients that go into the proof of (i). 

□ 

4. The existence of core vertices 
The goal of this section is to verify the truth of Theorem 13.21 

4.1. Cartesian properties. LetC = {Tr^u,v,w : r,u,v,w E Z+} (resp., £ = {%r,u,v ■ r,u,v E 
Z+} U {T/m})bea collection of i?-modules (resp., 9^- modules). 

Definition 4.1. A local condition at a prime i is said to be cartesian on the collection C if it 
satisfies the following conditions: 

(CI) (weak Functoriality) lfr<r',u< u', v < v', w < w') are positive integers, then 
(Cl.a) H^{Qi, Tr,n,i),«)) is the exact image of Hjr{Qi, Tr'^u,v,w) under the canonical map 

r,u,v,w r,u,v,w J ; 

(Cl.b) H]r{Qe, Tr,n,i),«)) lies inside the image of H^{Q£, Tr,„',„,,„) under the canonical 
map 

r,u',v,w 

(Cl.c) H}r{Q£, Tr,u,v,w) lies inside the image of H}r{Qi, Tr^u,v',w) under the canonical 
map 

r,u,v',w ,u,v,w J ■ 

(Cl.d) Hjr{Qi,Tr^u^y^w) lies inside the image of H^{Q£,Tr^u,v,w') under the canonical 
map 

r,u,v,w J • 

(C2) (Cartesian property in Xj-direction) If m, v,w,r E Z+, then 
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(C2.a) H'AQe,%,„) = ker ( H\Qe,Tr,u,.,J ^ f I'lo ' T '"^''^'"'i 

V -"j-iw, ^r,u+l,v,w) 

The arrow is induced from the injection 



where [Xi] stands for multiplication by Xi 



T -till T 

"-r,u,v,w ' ''-r,u+l,v,w 



(C2.b) H'AQe,Tr,u,v,w) = ker (^H\Qe,Tr,u,v, 



>) 



(C2.C) i/>(Q,,T 

r,u,v,w/ 



[X2I -H"^(Q^,Tr,u,j;+l,«;) 



Hj^iQe, Tr,u,v+l,w) J 

r,'it,t),ui+l ; 



(C3) (Cartesian property as powers of p vary) If r < r' are positive integers, then 

,u,v,wl / 

where the arrow is induced from the injection 
Similarly, 

Definition 4.2. A local condition at a prime ^ is said to be cartesian on the collection if it 
satisfies the following conditions: 

(Dl) Ifr <r',u < u', v < v') are positive integers, then 

(Dl.a) if^(Q^, %r,u,v) is the exact image of if^(Q^, %r',u,v) under the canonical map 

(Dl.b) if^(Q^, %r,u,v) lies inside the image of H]r{Qe, Zr,u',v,) under the canonical map 

(Dl.c) Hjr{Qe, %,u,v) lies inside the image of Hjr{Qe, Zr,u,v') under the canonical map 

(D2) lfu,v,re Z+,then 

(D2.a) HAQ,,%,u,.) = ker (h\Q,,%,u,.) A S^^^^^) ■ 

(D2.b) ff>(Q,,T.,„,,) =ker fi/^(Q,, ^'(Q^' ^^,",^+1 



Hj^iQe, ^r,u,v+l) J 

(D3) (Cartesian property as powers of p vary) If r < r' are positive integers, then 



(D4) //>(Q^,T/m) = ker f//^(Q^,T/m) ^ni^^^^l , where the arrow is induced 
from the injection 

(n/m 7^o[m] ^ 7^o■ 
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4.1.1. Cartesian properties at p. 

Proposition 4.3. Assuming (H.nA), the local condition at p given by T^an on the collection C 
(resp., on the collection (t) is cartesian. 

Proof. This is obvious thanks to Proposition |231 □ 

4.1.2. Cartesian properties at bad primes i ^ p over the coefficient ring R. Throughout this 
section the hypothesis (H.Tam) is in force. 

Lemma 4.4. 

(i) H}{Qe:Au,v,^n) = H^iQe, Au,.,u.) ■ 

(ii) H}{Qe,Tu,v,w) = HMe,^u,v,w). 

(iii) H'^^JQe,Tr,u,v,w) = HMe,^r,u,v,w). 

(iv) The following sequence is exact: 



Proof, (iv) follows from (12.11) . 

By nRubOOl Lemma 1.3.5] we have the following two exact sequences: 

(4.1) HjiQ,, Au,v,n,) — ^ KiQi, W/(Fr, - 1)W ^ 

(4.2) ^ H'Me, T„,,,^) Hj{Qe, T„) ^ W''''=' ^ 

where W = '^u,v,w/i-^u,v,w)<iiv In Lemma |431 we check under the assumption (H.Tam) that 
yyFrf=i _ Q Since W is a finite module, the exact sequence 

shows that W/(Fr£ - 1)W = 0. This proves that 

(4.3) HjiQ,, = ^ur(Q^, , KiQl, ^u,v,n,) = HjiQ,, T„). 

This proves (i) and (ii). By (12.11) and (14.31) it now follows that 

and the proof of (iii) follows. □ 
Lemma 4.5. W^''=^ = 0. 

Proof. As we have ^i^i^ifro] = T, it follows that H^{Qi, Ai^i^i[zu]) = since we assume 
H.Tam, hence also that 

i7°(Q,,A,i,i) = 0. 
Using the G^-cohomology of the exact sequences 

^1,1,1 ^ 
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it follows by induction that 
(4.4) i7°(Q,,A,.,J = 0. 

Taking the G^/J^-invariance of the short exact sequence 
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we see by (1441) that 

n;Fr.=i ^ (^J^^Jdiv) = (^J.,Jd,v/(Fr, - 1). 

To conclude with the proof, it therefore suffices to show that 

(X%,«,)div/(Fr, - 1) = 0. 

For any a G Z+, (14.41) shows 

(4.5) if°(G,//,,(^i,,^)divK])=0. 
The exact sequence 

((X%,Jd.v[t^1)'^^=' ^ (^l%,Jdiv[ti7T "^-^^^ (^S.,Jdiv[ti7l ^ ^S.,Jtz7-]/(Fr, - 1) ^ 
and (14.51) shows that Ai[^^^[-cu'^]/(Fri — 1) = 0. Passing to direct limit the Lemma follows. 



□ 



By Lemma l44l fiv) we have the following commutative diagram with exact rows: 



) ^r,u+l,v,w) 



Lemma 4.6. The map a is injective if 

u,v,w ,v,w J 

is injective. 

Proof. This follows from the commutative diagram 











H^{Qi,Au,v,w) 



Hj{Qi,Au+i,v,w) 



U,V,'. 



\Fr/=l 



\Fr/=l 



whose exact rows come from the Hochschild-Serre spectral sequence and the fact that 

Hj{Qe,Au,,,y,) = KiQe, Au,,,n.) := ker {H\Qe, Au,,,yj) ^ H\le, Au,,,n^f''=^) , 



where the first equality is Lemma I44( i). 



□ 
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Consider the short exact sequence 

The J^-cohomology of this sequence gives 
To ease the notation set 

ir _ Ah I Ah 



SO that the sequence (14.61) may be rewritten as 

(4.7) — > ^i,v,w/^v,w — > H^{.h, •A.u,v,w) — ^ H^{.h, •A.u+i^v,w) 

Taking G^/J^-invariance in (14.71 ). we conclude that 

Lemma 4.7. ker(/3) = H\G,I h,A[%^^llC,^^). 

Lemma 4.8. Under the assumption that (H.Tam) holds true, 

(i) ifO(Q,,A,.,«,) = 0, 

(ii) i/0(Q,,/C,,^) = 0. 

Proof. Noting that T = .4i,i,i, Hypothesis (H.Tam) shows that 

i^°(Q£,A,i,iN) = o 

and also that H'^{Qi, ^i,i,i) = 0. The G^-invariance of the sequence 

— > Ai,i,w-i Ai,i,w — > -^1,1,1 — ^ 

shows by induction that H^(Qi, Aia,w) = for all w E Z>2. Using similarly the exact 
sequence 

n A, 1 ^ A, )■ A^ , ¥() 

we conclude with the proof of (i). (ii) follows from (i) as ICv,w is a submodule of Ai^v,w D 

Proposition 4.9. ker(/3) = 0. 

Proof. Taking the G^/J^-invariance of the short exact sequence 

n 5. r y A^'^ V A^' lie ^ n 



we conclude using Lemma 14^8] that 

(4.8) ker(/3) H\G,/h, /C,,^) ^ /C,,^/(Fr, - 1)/C,,^. 

Lemma l48l fii) yields (using the fact that lCv,w is ti7°°-torsion) an exact sequence 

— > ]Cy^u,[TXj"-] /Cj,,^[ti7"] — > lCy^y,[w°']/{Vri - 1) — > 
for every « G Noting that the module IC^^wl'co^] has finite cardinality, it follows now that 

/C,,^K]/(Fr,- 1) = 0. 
Passing to direct limit, Proposition follows by (|4.8I) . □ 



Proposition 4.10. The local condition at a prime ^ ^ p, given by Tcan on the collection C is 
cartesian. 

Proof. Cl.a is true by definition and Cl.b-d by Lemma l44l' iii). C2.a-c follow from Lemma l46] 
and Proposition |4]9l C3 holds true thanks to [iMR04[ Lemma 3.7.1]. □ 
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4. 1 .3. Cartesian properties at bad primes i ^ "p over the coefficient ring 91 Assume through- 
out this section that (H.Tam) holds true. 

Lemma 4.11. 

(ii) The sequence 







can 



IS exact. 



Proof. The proof of Lemma 1441 above works verbatim. 
Lemma 4.12. In the commutative diagram 



□ 











■J ca 



5 ^r^u-\-\.v) 



HMiQf,a^+i,„) 
/fi(Qf,a„+i,„) 



the map a is injective. 

Proof. Identical to the proof of Proposition 14.91 

Recall the ring D and the module Tq from ^1.1[ 
Proposition 4.13. 

(i) H}iQe,To) = HMe,To), where 

Hj{Qe,To)=keT {H' 

5,,Ti,i) = ifi(Q,,Ti,i). 
J,,Ti,i,i) = ffi(Q,,Ti,i,i). 



□ 



,To) ^ H\le,To Qp)) 



(ii) H}r 

^ ^ -/can 

(iv) H^^JQi^T) = im{HMi,To) ^ H\Q,,T)) = i/i(Q,,T). 

(v) H^^{Qi, T) is the inverse image ofH^^{Qi, Ti^i)[m] under the map induced from (11.21) . 



Proof, (i) and (ii) follows from [IRubOOi Lemma 1.3.5] since we assumed (H.Tam), and (iii) 
follows mimicking the proof of Lemma l4.4r iii). We next verify (iv). By its very definition (see 
the beginning of ® , 



f)) 



where the second equality is thanks to (i). Thus, the assertion (iv) amounts to 

(4.9) im (ff,\(Q,,Ti,i) ^ H\Qe,f)) = HlMi,T), 

(4.10) im(i7,\(Q,,To) H\Qe,f)) = if,\(Q,,f). 
In order to verify (14.91 ). it suffices to check that we have a surjection 

i/°(/,,Ti,i)^/f°(/,,f) 
as Gt/Ii has cohomological dimension 1. Taking the J^-invariance of the exact sequence 

(4.11) ^ m7^Tl,l ^ ^ f ^ 
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we see that 

coker H\h,f)) ^ H\h,mn'^i,i). 

As the module H'^{h, T) is of finite order, the image of the injection above lands in the Zp- 
torsion submodule H^{Ie, itit^Ti i)tors of H^{Ie, 1117^X1 1). On the other hand, 

H\le, m7^Tl,l)tors = {m1i,i ® Qp/ZpY'/div = A''/div = 

where 

• M/div is short for M/M^^; 

• the second equality is obtained tensoring the exact sequence (14.1 II) by Q^p/'L^ and not- 
ing that the exactness is preserved as itit^Ti,! is Zp-torsion free, and that Ti^Qp/Zp = 0; 

• the last equality is (H.Tam). 

This shows that 

coker {H\h, H\h, f )) = 

as desired and (14.91 ) is verified. 

To verify (14.101) . it again suffices to check that 

coker To) H\h,f)) . 

Considering the /^-invariance of the exact sequence 

— yTo^To — yf — ^0 

we see that 

coker To) H%h,f)) ^ H\le,ToW 

As above, H^{Ie, To)tors = A^'/div = and this completes the proof of (iv). 
We now prove (v). Consider the sequence 

(4.12) — >T — — >Q — ^0 

where the arrow T — )■ Ti 1 is obtained from (11.21 ) and Q is defined by the exactness of this 
sequence. Taking the /^-invariance of the sequence (14.121) . we obtain another exact sequence 

^ So H\le,f) ^ H\le,%i,i) 

where Qq := Q^'/%iyT^'. Taking the d/Ie -invariance of the final exact sequence, we 
conclude that 

ker {H\le,fY''=' H\h,%^^{f'^=^) = QI''=^ 
hence by Lemma l4.141 below that 

(4.13) ker {H\l,,fY''=' H\le,%i,iY''=') = 0. 
Consider now the commutative diagram 

HMe, f) H\Q,, f) H\h, f )P'>=i 

<p 

/7i(Q,, Ti,i) ifi(Q,, Ti,i) H\h, %i,iY'^=' 

(14.131) shows that ip is injective, and a simple diagram chase yields 

HMi,T) = ker {H\Qe,T) H\Q,,1,^^)/HMi,'^l,l)) 
which is a restatement of (v). □ 
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Lemma 4.14. Qq'=^ = 

Proof. As f^' = 0, it follows by the proof of [|MR04[ Lemma 2.1.4] that 5"^* = for any 

subquotient S of T, in particular for S = Qq. □ 

Proposition 4.15. The local condition at a prime (- ^ p, given by J-'can on the collection C is 
cartesian. 

Proof. One verifies Dl using Lemma l4.1 H and D2 using Lemma l4.12[ D3 follows from nMR04[ 
Lemma 3.7.1] and D4 from Proposition 14. 1 and Proposition 14. IBf iv). □ 

4.1.4. Cartesian properties for the transverse condition. Recall the partial order -< from Def- 
inition [2]7] on the quadruples (resp., on the triples) of positive integers. 

Proposition 4.16. For no = (rg, Mq, ^"0, Wq), suppose d EVn is a Kolyvagin prime in the sense 
of Definition \2.6\ Then the transverse local condition at i is Cartesian on the family {^n}^^^^ 
{resp., on the family {Tnjfi^Ho ^ {'^/'"D- 

Proof. Suppose n = {r,u,v,w) and n' = {r' , u' , v' , w') are such that n -< n' -< tio. Then we 
have the following commutative diagram whose rows are exact by Lemma |2.12[ 

HIM,, TsO H\Qe, Ts') HUQe, T^O 



H^iQi, Ts) H\Q,, T„) HjiQe, T^) 

where the vertical arrows are induced from the natural surjection ¥„. This shows that 

HKQi, is mapped into H^Qi, ¥„) and CI is therefore verified. Furthermore, as the R^t- 
module T-/~ (resp., the i?n-module Tj^ '~ ) is free of rank one, it follows by Lemma 12. 12 l and 
Proposition |2?T2i) that 

i.e., the transverse local condition on the quotients is the same as the propagation of the 
local condition H^Qi, T^q). As the quotient 

is a free Rn^ -module of rank one, C2 and C3 follow from the proof of [|MR04[ Lemma 3.7.1 (i)] , 
using the argument in loc.cit. for the multiplication by [Xi], [X2], [X3] and [w] maps separately. 

One proves D1-D3 for the collection {T^}^^^^^ U {T/m} in an identical way and it remains 
to verify D4. To settle that, consider the commutative diagram with exact rows: 

H^iQe, 1/m) H\Qe, %/m) HUQe, T/m) 



I 
I 

Y 

H^Mi, W H\Qe, HjiQ,, 

As the 7?.o-module Hj{Qi, Ti^i^i) (resp., the k-vector space Hj{Qi, T/m)) is free of rank one 
(resp., is one-dimensional), it follows that the right-most arrow is injective and by chasing the 
diagram it follows that 



which is D4. □ 
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4.2. Controlling the Selmer sheaf. Assume throughout this section that x(T) = x(T) = 1 in 
addition to the running hypotheses. Let n = (r, m, f , w) E (Z>o)'^ and s = (r, u, v) G (Z>o)^. 

4.2. 1 . The upper bound. 

Proposition 4.17. We have the following isomorphisms: 

(i) //i(Qs(^,,„)/Q,f) ^ifi(Qs(^,,„)/Q,Tn)[A^], 

(ii) i/HQs(-F.„)/Q,T/m) ^ifi(Qs(^,.„)/Q,Ti,i,i)[m], 

(iii) i/HQs(^.„)/Q,Ti,i,i) ^ ifi(QE(^,,„)/Q,T,)[(t^,X,7 - 1)], 

Proof, (i), (ii) and (iii) follows from the proof of [IMR04I Lemma 3.5.2; see in particular the 
displayed equation (7). (iv) is now verified using (i) and Propositions 14. 3 [ 14.101 and |4.16[ (v) 
follows from (ii),(iii) and Propositions I4.3[|4.15l and I4.16[ □ 

Let Rr,u,v,^ = R/iuj', Xr, XI X^) and 0^,,,,, = X\ (7 - 1)^). 

Corollary 4.18. Let n G N'r;a,v,w (resp., n G N'r,u,v) be a core vertex for the Selmer structure 
J-'can on T, in the sense ofDefinition \3.1\ The Rr^u,v,w-module Hom {H\^^^^n) ('Q' '^r,u,v,w)-, 
{resp., the y{r,u,v-tnodule Hom (^H^^^^^^-^(Q, 'Zr,u,v), ^/O^) is cyclic. 

Proof. By Propo sition 14 . 1 7 f iii) . it follows that 

Hom (i/L(n)(Q, T,,„,,,^), ^/O) /a^ = Hom (ifL(„)(Q, f ), $/0) . 

Since the k-vector space Hom ^i7^^^^^^^(Q, T), is one-dimensional (thanks to our as- 

sumption that is a core vertex and that = 1), it follows that the i?r,u,?;,u;-module 

Hom (^H^^^^i^^-j (Q, TrM,v,w), ^ / is cyclic by Nakayama's Lemma. The statement for %r,u,v is 
proved in an identical fashion, using Proposition 14. 17r iv) instead of Proposition l4.17r iii). □ 

Remark 4.19. There exists infinitely many n as in the statement of Corollary 14. 1 8 1 thanks to 
IIMR041 §4.1]. 

4.2.2. The lower bound. Let n = (r, u, v, w) G (Z>o)'^ and s = (r, u, v) G (Z>o)^. 
Proposition 4.20. For n G Afr,u,v,w (resp., n G Afr,u,v), we have 

lengthy (/7>^^„(„)(Q,T,)) -lengthy (Q, T^)) = length^(i?,) 

[resp., 

lengthy (^L(n)(Q> 2:3-)) - lengthy (Q, X;)) = lengthy (^H,).) 
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Proof. By IIMR041 Corollary 2.3.6] it suffices to verify the assertions of the proposition only 
when n = 1. 

Let Tu^^^w be as in ^1.1[ so that Tu^v,w is a free C-module of rank uvw. Theorem 4.1.13 of 
nMR04ll (applied with the -representation T = and its quotient = Tu^^^^/ro*") 

shows that 

lengthy Tfl)) - lengthy (^>,^„(Q, T^)) = ruvw ■ x(T) = length^(i?s), 

as desired. Similarly, repeating the arguments above for the free (9-module %u,v (of rank 
uv ■ dimk(7?.o)), we conclude with the second assertion. □ 

Corollary 4.21. For n as in Proposition \4.20\ 

(i) lengthy (if>^^_^(„)(Q,Ts)) > length^(i?s), 

(ii) lengthy (iJ>^^_^(„)(Q,T,)) > length^(9^,). 

We are now ready to prove Theorem 13.21 Let n = {r,u,v,w) and s = {r,u,v). 

Corollary 4.22. Let n G Afn {resp., n G Ms) be a core vertex for the Selmer structure J-'can on 
the residual representation T. 

(i) The Rn-module ^^^-^ (Q, T^) {resp., the Dl^-module H^^^^^j^^^{Q,T^)) is free of rank 
one. 

(ii) ^L(n)* (Q. T!) = {resp., (Q, 1|) = 0). 

Proof It follows by Corollary OSl and Corollary ICTl that Hom (i^jr^^(„) (Q, T^) , $ (resp., 

Hom ^/7^^^(^^-|(Q, Is), is a free i?n-module (resp., a free ^Hj-module) of rank one. (i) 

follows from the Gorenstein property of R and 9^, c.f., nGro671 Prop. 4.9 and 4.10]. The point 
is that is an injective hull of k and thus a dualizing module for R and 9^. 

(ii) follows from (i) and Proposition 14.201 □ 

5. Applications 

5.1. Example: Elliptic curves and deformations of Kato's Kolyvagin sytem. Suppose E/q 
is an elliptic curve without CM which has split-multiplicative reduction at all primes i dividing 
its conductor Ne- Let T = E\p]he the p- torsion on E. Let 

Pe-.Gq^ GL(f ) = GL2(Fp) 

be the mod p Galois representation attached to E. Suppose that the universal deformation 
problem for pe is unobstructed; see Example 11.11 above for the content of this assumption. 
Let R be the universal deformation ring and Pe the universal deformation of pE and the T the 
deformation space on which Gq acts by p^. Since we assumed that the deformation problem 
is unobstructed, R = Zp[[Xi, X2, X3]] and T is free of rank two as an i?-module. The Weil- 
pairing shows that x(r) = 1. 

We further suppose that T satisfies the hypotheses (H1)-(H4) as well as (H.Tam)(i) and 
(H.nA). Before discussing the applications of Theorem 13 . 1 21 to this setting, we first explain the 
contents of the extra hypotheses (H.Tam) and (H.nA) in this particular setting. 

Proposition 5.1. Suppose E/q is an elliptic curve as above and (!-\Ne is a prime. Assume that 
• p does not divide the Tamagawa number C£ at i, 
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• p does not divide £ — 1. 
Then (H.Tam) holds true for T 



E[p]. 



Proof. Let T = Tp{E) be the p-adic Tate module of E. Under the running assumptions, there 
is a non- split exact sequence 



(5.1) 







T 







• Zp(l) , ^ , 

of Zp[[G'^]] -modules. Let a = d{l) G H\Qi,Zp{l)) where d : Zp ^ H\Qi,Zp{l)) is the 
connecting homomorphism in the long exact sequence of the G^-cohomology of the sequence 
(15.11) . Kummer theory gives an isomorphism 



(5.2) 



X,A 
£ 



Zp. 



According to [ICE561 pp. 290 and 292, —a is the extension class of the sequence (15.11) inside 
Ext^ i(Zp,Zp(l)) = H^(Qi,Zp(l)). Hence ord£(cr) 7^ as the sequence (|5.1I) is non-split 



and by [ BUylla[ Prop. 3.3] it further follows that ord£(a) G Z^ and therefore d is surjective. 
We have the following diagram below with exact rows and commutative squares 







?,T) 



?,T) 



Z, 



H\Qe,Zp{l)) = Zp 



Z/pZ H\Qi,iJ,p) = Z/pZ 



This shows that the map d is surjective as well and hence 



H\Qe,f)=H\Qe,tMp) = 



as we assumed p 



1. 



□ 



The assumption (H.nA) is to say that p is not anomalous for E (in the sense of Mazur [|Maz72ll ). 
Given an elliptic curve E, Mazur in loc.cit. points out that anomalous primes should be scarce. 
Let / be any elliptic newform of weight cu > 2 and let 

be the Galois representation attached to / by Deligne with coefficients in the ring of integers 
Of of a finite extension $j of of Qp. Let Tf be the free Of module of rank 2 on which Gq 
acts via p/. Let ni/ denote the maximal ideal of Of and let pf the residual representation of pf 
mod m/. Suppose that pf = p so that p/ is a deformation of p to the ring Of. We thus have 



a ring homomorphism Lpf : R Of that induces and isomorphism Tf 
functoriality a commutative diagram 



T (g)^^ Of, and by 



(5.3) 




KS(T^,J-c,„,P) 



KS(f,J-ean,P) 



Let K G KS(T, Jean, P) be any big Kolyvagin system which generates the cyclic _R-module 
KS(T, j;an,^) and let y?/(K) be its image in KS{Tf,J^,^^,V). Let Kf'° G KSjTf T,^^,V) 
be the Kolyvagin system obtained from Kato's Euler system constructed in nKat04ll for the 
modular form /. 



Deformatations of Kolyvagin systems 



27 



Theorem 5.2 (Interpolation). There is a Xf G Of such that 

Remark 5.3. Theorem 15 . 21 states that an improved version of Kato's Kolyvagin systems (by the 
factor A/) interpolate to give rise to the big Kolyvagin system, rather than Kato's Kolyvagin 
systems themselves. We call the Kolyvagin system (^/(k) an improvement to as the 
bounds obtained using the Kolyvagin system (/'/(k) improves those obtained using = 
A/ ■ by a factor of A/. In particular, when the Kolyvagin system /c^^'° is itself primitive 

(in the sense of [MR04, Definition 4.5.5]), then A/ G . 

Proof of Theorem 17721 Let R be the image of k in KS(T, Fcam 'P)- By Theorem l3.12[ k 7^ 0, so 
it follows by P MR04i. Theorem 5.2.10(ii)] and the commutative diagram (15.31 ) that (/'/(k) also 
generates the free C/-module KS(T/, J-'can, of rank one. □ 

In ^5.4l below we will explain how the big Kolyvagin system k may be used to obtain bounds 
on certain Selmer groups. Before that, we remark that 

(i) the Kolyvagin system /c^^'° is related to a special value of L-function attached to /, by 
the work of Kato [ Kat04, §14]; 

(ii) the recent works of Emerton [Emelll and Kisin (unpublished lecture notes) show that 
the the classical modular points are Zariski dense in Spec(T). 

Thanks to these remarks, one hopes that the bounds we shall obtain below in terms k will be 
ultimately related to an appropriate p-adic L-function (whose existence for the time being is 
highly conjectural) in 3- variables. See §5.4.2l for an elaboration of this point. 

5.2. Example: Hida's nearly ordinary deformation. Suppose -E/q, is an elliptic curve with- 
out CM and pE and T = E[p] are defined as in ^5.11 Suppose in this section that E is p-ordinary 
and has split multiplicative reduction at every prime i dividing its conductor Ne- Let /e be the 
newform of weight 2 and level A'^^; associated to E by the work of Wiles and Taylor- Wiles. 

Let = 1 + pZp. Identify A = (Z/pZ)^ by /ip_i via the Teichmiiller character to so that 
we have 

= A X r"'. 

Set = Zp [[r^]] . Let f)™'' Hida's universal ordinary Hecke algebra parametrizing Hida family 
passing through /e, which is finite flat over by llHid86al Theorem 1.1]. We will recall some 
basic properties of f)™'^, for details the reader may consult flHid86al rHid86bll and [1EPW061 §2] 
for a survey. The eigenform / = /e fixed as above corresponds to an arithmetic specialization 

Sf : [)™^ ^ Z, 

Decompose 1)°'^'^ into a direct sum of its completions at maximal ideals and let J)^*^ be the 
(unique) summand through which S/ factors. The localization of at ker(5/) is a discrete 
valuation ring [Nek06. §12.7.5], and hence there is a unique minimal prime a C f)^'' such that 
s f factors through the integral domain 

(5.4) 7^ = i)°^'/a. 

The A^-algebra TZ is called the branch of the Hida family on which /e lives, by duality it 
corresponds to a family F of ordinary modular forms. Hida [Hid86b l gives a construction of a 
big (jQ-representation T with coefficients in TZ and the ring TZ is Gorenstein of dimension two 
(as in HWiI95HTW95ll ). Let A = Zp[[Gal(Qoo/Q)]] be the cyclotomic Iwasawa algebra and set 
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y{ = TZ A and T = T ®Zp A, where we allow Gq act both on T and A. Following Ochiai, 
we call T the universal ordinary deformation of T. 

Suppose that the hypotheses (H1)-(H4) as well as (H.Tam) and (H.nA) hold true. In this 
case, Theorem 13 . 1 2l recovers a theorem of Ochiai [lOchOSI . which he establishes by deforming 
Kato's Euler systen£| along the ordinary locus of the universal deformation space. For any 
ordinary eigenform g that lives in the branch TZ of the Hida family, let 

denote the corresponding arithmetic specialization and Tg = T Og the associated Galois 
representation, where Og is the integers of a finite extension of Qp. Let 

be the A-adic Kolyvagin system for to the cyclotomic deformation Tg ® A obtained from Kato's 
Euler system as in [|MR04i §6.2]. The proof of the following is identical to that of Theorem l5.2[ 



Theorem 5.4. Let Kbe a generator of the free '^-module KS(T, J-'can, V) of rank one. Let 



KS(T, J-can, V) ^ KS(Tg ® A, V) 

be the map induced from the arithmetic specialization 5g above by functoriality. There is a 
\g G Cg[[r]] such that 

Xg-Sg{K)=K^''". 

Corollary 5.5. Let /c be as above. Then its leading term ni G (Q, T) is non-zero. 

Proof. For g as above, Kato proves that nf^^" G H^{Q, Tg ® A) is non-zero. Corollary follows 
from Theorem 15.41 □ 

Theorem 15.41 may be used along with a standard Kolyvagin system argument to recover the 
results of nOch05L 

5.3. Weak Leopoldt Conjecture for Galois deformations. Let Di = TZ[[T]] and 1 = T ^ A 

be as in ^JH satisfying the hypotheses (H1)-(H4), (H.Tam) and (H.nA). Suppose further that 
X(T) = 1. For any 9^-module M, let = Hom(M, Qp/Zp) denote the Pontruagin dual of 
M. 

Lemma 5.6. Suppose M is an y{-module. Assume for a height one prime pofTZ and an 
integer N, the quotient M/ (p, 7 — 1 + p^)M is of finite order. Then M is a finitely generated 
yi-torsion module. 

Proof. To ease notation, write 'Jn = 7 — ^ + ■ Then once can find an integer s so that 
(5.5) f-{M/{p,^M)M) = 0. 

By Nakayama's Lemma, M is finitely generated as an £H-module, say by mi, . . . , G M. It 
follows from (15.51) 

r 

s (i) 

p rrii = Cij f^j J 



^Whereas we carry this out in the level of Kolyvagin systems. 
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where a^f G {p, 7Ar). Setting A = [a^j'] and B = A — p"^ ■ Irxr, we conclude by (15.51) that 



i-l 





" mi 




" mi 
















rrir 



adj(5) ■ B 



mi 



m^ 



^ det(S) ■ M = 0. 



To conclude with the proof of the lemma, we check that det(i?) e 9^ is non-zero. Observe that 

det(5) = det(A - ■ /,xr) = (-1) V mod (p, 7;v) 

^0 mod(p,7Ar), 

as the ring 9^/ (p, 77v) = 7^/ p is an integral domain of characteristic zero. □ 
The goal of this section is to prove Theorems 15 .7 1 and |5 . 1 01 

Theorem 5.7. Suppose the ring TZ above is regular. If the dK-module H^, (Q, T*)^ is torsion, 
then there is a Kolyvagin system k G KS('X, J-'can? V) such that: 

(i) Its leading term Ki G H^{Q, T) is non-vanishing. 

(ii) Ki ^ pH^{Q, ^)for infinitely many height one primes p o/fR. 



Remark 5.8. In the setting of §5.21 above, the ring IZ is often regular as explained in [FOIU 
Lemma 2.7]. 



Proof. For any ideal / of JR; and any subquotient M of T, we have thanks to our running 
hypothesis (H3), IIMR041 3.5.2] and the proof of I1MR041 Lemma 3.5.3] that 

and hence also an injection 

^ can ^ L J / ^ ^.yj^ \ / L J 

where J'*^^ on M* is induced from the Selmer structure Jean on T* by propagation. Passing to 
Pontryagin duals, we thus obtain a surjection 



(5.6) 



By the assumption that Hjr* (Q,T*)^ is £H-torsion, one can choose by [|Mat89[ Theorem 
6.5] a specialization 



into the ring of integers Sp of a finite extension $p of Qp, whose kemel p is a height one prime 
p C TZ and satisfies with the following properties: 

• S'p is integral closure of the integral domain (9^ := TZ/ p in Frac((9p) = $p. 
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• p ^ Suppy.{Hjr, (Q, T*)^), where p here denotes by slight abuse the height one prime 
which is the kernel of the induced map 

9^ = 7^[[^]]^5,[[^]]. 

We denote the induced ring homomorphism Op ^ Sp also by Sp. 

For p chosen as above, it follows that the module if^, (Q,1*)^/p is Cp[[r]] -torsion. By 
(|5.6|) . this implies that the module 

HkJQ, '^*[p]r = ^k(Q, ir/pT ® A)*)" 

is Cp[[r]] -torsion as well. It is therefore possible (using Hensel's Lemma and l|Mat89[ Theorem 
6.5]) to choose an >> such that 

. Op[[T]]/{^-l+p^) = Op, 

. 7 - 1 + ^ Supp^^[[r]] [h'^,JQ, [T/pT ® A)*)^) . 
For A^ chosen as above, we therefore have that the module 

HkMiT/pT^Ayr/il-l+p'') 

is Cp-torsion. Setting T{p, N) := T/pT (g) A/(7 — 1 + p^) and applying (15.61) again, we 
conclude that the module 

i/>,JQ, (T/pT ® A/(7 - l+p'^Wr = H'^*JQ,T{p,N)r 
is Op-torsion, hence finite. 

When we do not vary A^, we write T{p) in place of T{p, N) to ease notation. Let T = 
T{p) Sp and define the Selmer structure J't by setting 

• H^^{Qp,T) = H\Qp,T), 

• H^^^iQe, T) = ker {H\Qe, T) H\le, T Q^)), for I ^ p. 

Note that Ft is exactly what Mazur and Rubin call the canonical Selmer structure on T. Let l 
denote the injection T{p) T. Then l induces maps 

ifi(Qs/Q,T*) ^ iJi(Qs/Q,T(p)*) 
H\<[},,T{p)) H\q,,T) 
H\Q,,T*) H\Q,,T{pr) 
for every prime i. It is easy to see that the image of if^^^ (Q^, T{p)) lands in H^^{Qi, T) for 
every t (and by local duality, the image of if jr. (Q^, T*ftherefore lands in (Q^, T{p)*)). 
We thence obtain a map 

(5.7) ^>.(Q,T*) ^ if>,JQ,T(p, AT)*) 

In Lemma[5]9]below we check that the kernel and the cokemel of this map is finite for A^ >> 0. 
This shows that H]r* (Q, T*) is of finite order for A^ >> 0, as we have already verified above 
that iijr*JQ, T(p, N)*) is finite. 

Let K G KS{%,J^c!m,V) be a generator so that its image K G KS(T, J^can, '?^) is non-zero 
by Theorem 13. 121 Hence, the image w^^^^ of k in KS(T, Ft-, V) is non-zero as well. Corollary 
5.2. 13 of [IMR04II applies thanks to our running hypotheses and it follows that the Kf^ ^ and 
hence ki ^ 0, proving (i). Furthermore, the fact that K:f^ ^ shows that 

/€i i ker (/i^(Q,T) H\Q,T/pT®K)) = pH\Q,%) 
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where the final equality is because any height one prime of the regular ring TZ (in particular p) 
is principle. This proves (ii). □ 

Lemma 5.9. When the positive integer N that appears in the proof of Theorem 15.71 is suffi- 
ciently large, the kernel and the cokernel of the map 

are both finite. 

Proof. We first verify that the kernels and the cokemels of the maps 

(5.8) H\Qj:/Q, T*) H\Q^/Q, T{p, N)*) 

(5.9) H'^^{Q,,T*) H'^,JQe,Tip,Nr) 

have finite order for every prime £. When we do not vary N, we will denote T{p, N) simply 
byT(p). 

Thekemel of dSJ) lives in i/0(Qs/Q, {T/T{p))*) and its cokemel iniyi(Qs/Q, (T/r(p))*) 
which are both finite. 



As for the map (15.91 ) when £ = p, our running hypothesis (H.nA) along with the fact that the 
ideal p is principajj (being a height-one prime of the regular ring TZ) show that 

H'^JQp,Tip)) :=im {H\Q„%) H\Q„T{p))) = H\Q„T{p)), 

hence we have that 

i/>.(Q,,n = = iJ>,JQ,,T(p)*) 

so the kernel and cokemel of (15.91 ) are trivial. It remains to control the kernel and the cokemel 
of (15.91 ) when i ^ p. The kernel of 

(5.10) H'^JQ,,Tip)) i/>,(Q,,T) 

is controlled by 

ker {H\Q,,T{p)) H\Q,,T)) =im{H\Q,,T/T{p)) H\Q,,T{p))) 
which is finite. 

We finally prove that the cokemel of (15.101 ) is finite. Consider now the commutative diagram 

HMi, Tip)) ^'(Q, T{p)) H\h, T{p)r^=^ 



Hi{Qi. T) ^ H\Q, T) ^ H\Ie, Tf'^=^ ^ 

The cokemel of the vertical map in the middle is controlled by H'^{Qi, T /T{p)) hence it is 
finite. Also, the kemel of the the rightmost is finite for a similar reason. This shows by snake 
lemma that the cokemel of the leftmost vertical map is also finite. As the index of ifyj.(Q^, T) 
in Hj{Qi, T) = H}r^{Qi, T) is finite as well, we therefore proved that 

(5.11) the cokemel of the map /7^\(Q^,r(p)) — ^ i7]r^(Q£, T) is finite. 

Furthermore, it is not hard to see that the A-module 

Hl{Q,, T/pT ® A) = H\G,/h, {T/pTY' ® A) 



This is the only point in the proof of Theorems IS .7 l and[ 5 . 1 Ol where we use that the ring TZ is regular in an essential 
way. 
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is A-torsion. (Note in the equality above we use the fact that le acts trivially on A.) Choosing 
the positive integer >> above so that 7 — 1 + does not divide the characteristic ideal 
of this module, we obtain a finite quotient H^{Gi/Ii, (T /pTY^ (g) A)/(7 - 1 + p^). Since the 
cohomological dimension of Gi/Ie is one, we have 

H\Ge/I,, {T/pTY' ® A)/(7 - 1 + j9^) ^ H\Ge/I,, {T/pTY' ® A/(7 - 1 

- H\G,/Ie, {T/pT ® A/(7 - 1 + v'')Y') 

^ H\GfJIe, T{p, NY') = HlXQi, T{p, N)), 

whereT{p,N) = T /pT (8)A/(7-l+p^) as above. In particular, the index of i/]r__(Q,T(p,A^)) 
in H^iQe, T{p,N))is finite for A^ >> 0. This, together with (15.111 ) shows that the kernel and 
cokemel of the map (15.101 ). and by local duality, also the kernel and the cokemel of the map 
(IS!9l) are finite for A^ >> 0. 

Using the fact that the kemels and cokemels of the maps (15.81) and (15.91 ) are both finite the 
proof of the lemma follows at once. □ 

Theorem 5.10. Suppose the ring IZ above is regular and suppose that there is a Kolyvagin 
system k G KS(T, J-'can, "P) such that Ki G if^(Q, T) is non-torsion. Then the "iPi-module 
Hi, (Q,T*)^ is torsion. 

''can ^ ^ 

Proof. As the proof of this Theorem in fact follows from a more general statement due to 
Ochiai nOch05ll (see the proof Theorem 2.6; also ^5.41 below), we give a sketch of the proof. 
We use the notation from the proof of Theorem 15.71 

Since ki is non-torsion, it follows that there is a height one prime p of 7^ as in the proof of 
Theorem 15. 7 1 and a positive integer A^ (chosen in way that the conclusion of Lemma [5]9] holds 
true) such that the image 

redp,^K)Gif>^JQ,T(p,Ar)) 
of Ki is non-zero. By our running hypothesis (H3), the map 

H\Q^/Q,T{p)) H\Q^IQ,T) 

is injective. In particular, the image K^f'' of redpTvl^^i) inside H^^{Q,T) is non-zero. We 

therefore conclude for the image k^^^ G KS{T,J^t,'P) of k that its leading term K^f^ 7^ 0. 
This shows that i/jr. (Q, T*) is finite. 

By Lemma [S!9l we have a map 

if>*(Q,n^/7>,JQ,T(p,Ar)*) 

with finite kemel and cokemel. Hence H]r* (Q, T(py) is finite as well. We conclude by (15.61) 
that 

^>i„ (Q, 2:*)7(p, 7 - 1 + P^) = H'^* (Q, Tr 

is also finite. It follows from Lemma 15^ that Hi, (Q, 1*)^ is 9^-torsion, as desired. □ 

''can ^ ' 

Remark 5.11. The proof of the Theorem 15 . 1 01 show s that the assumption on the leding term of 
the Kolyvagin system that ki G H^{Q, T) is non-torsion may be weakened to the assumption 
that Ki ^ pH^(Q,%) for some height one prime p of TZ. Below we check further that if 
Hjr, (Q, T*)^ is £H-torsion, then if^_^^(Q, T) is a free 9^-module of rank one. In particular, ki 
is non-torsion and satisfies Theorem 15 .7( 11) as well. Hence the assertions of Theorems 15 .7 1 and 
15. 101 are mutual converses under our running hypotheses. 
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Remark 5.12. In this remark, we verify the following statement: 

(t) If H^, (Q, %*y is 9^-torsion then, under the assumptions of Theorem 15 .71 the !H-module 

Hjr^^^ (Q, T) is free of rank one. 

To simplify the arguments, suppose in addition that the ring TZ is the power series ring 

The general case when 7^ is a general regular (9-algebra of dimension two may be treated 

similarly. As above, choose a positive integer >> so that 

. 0[[X]]/{X + p^) = 0, 

• i^jr. Jq, %*Y/{X + p^) is A-torsion. 

By setting T := T /{X + p^)T, we conclude using that the module H'^iQ, (T O A)*)^ 
is A-torsion. Similarly, choose a positive integer M >> such that 

H'^^JQ, (T ® A)*)7(7 - 1 + = ^L(Q, Tr 

is finite. Here, T is the free O-module T O A/(7 - 1 + p^^). By [IMR041 Corollary 5.2.6], 
it follows thatranko(if|^^_^(Q,T)) = x{T) = 1. Furthermore, the C»-module H^^JQ,f) is 
torsion-free as since we assume (H3), hence we conclude that (Q, T) is a free (9-module 
of rank one. 

Set Xi = X + and X2 = 7 - 1 +p^ for M, N as above and define D\u,v = ^/{X^, X^), 
^r,u,v = , X^), = 1 ^u,v and T,,„,, = 1 ®m Note that Ti,i = T. 

As i7jr^_^ (Q, %u,v) = Jim^ (Q, '^r,u,v), it follows by the proof of Prop. OTl that 

This shows that the module 

Homo,„,.(i/>^JQ,T„,„),9^.,,)/(Xr\xri) - Homo,„,„ (i/>^JQ, Xr^], 9^.,,) 

- Homo (/f>^,JQ, 2:1,1), O), 

is cyclic, hence by Nakayama's Lemma (along with the fact that the O-module H^^^^ (Q, Ti ^) = 
H^^^^{Q, T) is free of rank one) the module Homg^^ ^ (i7}r^^^(Q, %u,v)-, '^u,v) is cyclic as well. 

On the other hand, (H3) shows that the module H]r (Q, %u,v) is (9-torsion free and the proof 
of Prop. 14.201 shows rankc)(i/^^^_ (Q, T„ ^,)) > uv. This shows that the cyclic 9^^ ^.-module 
HomfH^^ (if^ (Q, Tu,„), is indeed free of rank one, hence the module (Q, T„,t,) 
itself is free of rank one as an 9^„,„-module. Passing to limit we conclude with the proof of the 
assertion (f). 

5.4. Bounding the Selmer group. Let R = (9[[Xi, X2, X3]] be as above and suppose M is a 
finitely generated i?,-module. Since R is regular, localizations of R at height one primes p are 
discrete valuation rings. If M is torsion, define 

char(M) = JJp^^'^^'^^p^^''). 
p 

If M is not torsion, we set char(M) = 0. 

The following theorem may be proved (under the running assumptions of §5.31) following 
the arguments of [|Och05l . see particularly the proof of Theorem 2.4 in loc.cit. 

Theorem 5.13. char (h^^JQ, T*)A \ char {H^^JQ, T)/R ■ ki) . 
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5.4.1. A conjectural example. Let (i := rank/j(T). 

Lemma 5.14. Under the hypotheses (H.nA), the R-module H^{Qp, T) is free of rank d. 

Proof. The arguments of [|Buy09, Appendix] prove under the running assumption that the 
-module i/^(Qp, T^^ ^, is free of rank d. The proof of the lemma follows passing to 
inverse limit. □ 

Recall the definition of a pseudo-geometric specialization given in Definition II. 5 [ 

Conjecture 1. Suppose (H.nA) holds and assume that x(T) = 1. There is an R-submodule 
(the Bloch-Kato submodule) H]r^^{Qp, T) C H^{Qp, T) with the following properties: 

(i) (Interpolation) For ip : R ^ O a pseudo-geometric specialization into a finite, fiat, 
normal extension D ofLp and T = T ®^p 0,V = T® Qp, the Bloch-Kato submodule 
Hjr^^{Qp, T) maps into the Bloch-Kato subgroup 

i/>,,(Qp,T) :=ker {H\Qp,T) ^ H\Qp,V ® B^ns)) 

with finite cokernel, 

(ii) Suppose in addition that the following 'Panciskin condition' holds: 

(5.12) H]r^^{'Q_p, T) is a free R-module of rank d — 1. 



Then, i/^3,(Q,T) := ker (if>,JQ,T) ^J^) = 0. 



We assume until the end that T satisfies the Panciskin condition (15.121) and that Conjectured] 
holds true. Set 

Hl{%,T) = H\Qp,T)/H'^^^{Qp,T). 
(ii) along with global duality implies that there is an exact sequence of i?-modules 

loc" 

^ H'^JQ, T)/R ■ c -A HliQp, T)/R ■ loc;(c) ^ (Q, T*)^ ^ iJ^ (Q, T* )^ ^ 



for any class c G i^jr^(Q, T). In particular, if 0^ kE KS(T, J'can, V) and ki e Hjr^JQ, T), 

we have 

(5.13) 

loc" 

^ if>^JQ,T)/i?-«:i -A Hl{Qp,T)/R.\oc;{^r) ^ if>.^(Q,r)^ ^ ^>.„(Q,r)^ ^ 
Theorem 15 . 1 3 1 show s that 

Corollary 5.15. char (^H^*^{Q, T*)^) | char (i/^Qp, T)/R ■ 1oc;(ki)) . 

5.4.2. Elliptic curves revisited. Suppose E/q is an elliptic curve. Let T = E[p] and T be as 
in gSU satisfying the hypotheses (H1)-(H4), (H.nOb), (H.nA) and (H.Tam)(i). Then d = 2. 
We assume that T satisfies (15.121) and Conjecture [Hholds true. 



Definition 5.16. For any big Kolyvagin system k that generates the module KS(T, Jean, 'P), 
the principal ideal 

£(k) = char {Hl{Qp, T)/R ■ 1oc;(ki)) c R 
is called the Kolyvagin constructed p-adic L-function. 

This should be thought of as a generalization of Perrin-Riou's [PR95] module of algebraic 
p-adic L-function, whose definition she gives for the cyclotomic deformation of a motive. 
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Let / be an elliptic modular form of weight uj > 2 and Tj be the rank-two (9/ -module at- 
tached to / by Deligne, as in §5.11 Then by the universality of R, there is a ring homomorphism 
iff : R ^ Of that induces T (g);^. Of Tf, which yields by Conjecture [iji) 



(5.14) 

and by Theorem 15 .21 
(5.15) 



^f : Hl{Q,,T) ^ Hl{Q,,Tf) 



Xf ■ (Pf{K.) = K 



Kato,(/) 



where Xf E Of and is Kato's Kolyvagin system for Tf. 

Proposition 5.17. Suppose E above has good ordinary reduction at p and the R-module 
H}{Qp, T) is torsion-free. Then for k as above, C{k) 7^ 0. 

Proof. For any / that is as above and which is j9-ordinary, we have a ring homomorphism 

^j-.R^OfllT]] 

that induces a map 



KS(T, J-ean, V) -A KS{Tf ® A, J-,a„, V) 



for which one verifies that 
(5.16) 



ipjiK) ^ 



as in the proof Theorem 15.21 On the other hand, Kato [|Kat04ll proves that the leading term 
^Kato,(/),A ^ j^i^ Tf®A) of his Kolyvagin system k^^'"'^-'^^''^ is non-zero. This shows, using 
IBiiyllb', Theorem 3.23] and (15.161) . that ki ^ 0. Thanks to our assumption that i7j(Qp.T) is 
i?-torsion-free and (15.121 ). along with the left-most injection in (15.131) . it follows that loCp(/ti) 7^ 
and further that the quotient Hl{Qp, T) /R ■ loCp(Ki) is i?-torsion. □ 

Theorem 5.18. Suppose that the hypotheses of Propositio ns. 17\ hold true. Assume further that 
the R-module Hl{Qp, T) is free. Then 



(5.17) 



[Of : ^/(£(K))] = . # 



H} 



h.Tf 



Of ■ loCp [ 



Kato,(/)' 



Proof Observe that C{k) may be described as the initial fitting ideal Fitt^j 

H}(Qp,Tf) 



and (pf{C{K)) as Fitt' 



Of 



Of ■ ioc:(^/(K) 



. It follows by (15.151) that 



H} 



T) 



R-ioc;{Ki] 



[Of : ^/(£(K))] = XJ' 



Of : Fitt°,^ 



H} 



Tf) 



#- 



Hi 



Of -loc^icp fin) 
Tf) 



Of ■ \oc; [ 



Kato,(/)' 



□ 
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A few remarks are in order. Kato has related the values # I — P- — ^ I to the 

. loc; (4"°'^^)' ' 

value of the L-function attached to / at the central critical point. The statement of Theo- 
rem |5T8] therefore suggests that these values should interpolate, as the classes Aj^/tf^'"'*^"^'' do 
interpolate to ki. This hints at the existence of a very general p-adic L-function. Furthermore, 
we note that the points {iff : T ^ Of : f is a classical modular form} are Zariski dense 
in Spec(T) under mild hypotheses, thanks to the recent results of Emerton and Kisin. Thus 
the assertion (15.171 ) should characterize the ideal C{k) of the Kolyvagin constructed p-adic 
L-function. 
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